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We introduce algebraic sets in complex projective spaces for the
mixed states in bipartite quantum systems, which are independent of
their eigenvalues and only measure the “position” of their eigenvec-
tors, as their non-local invariants (ie., remianing invariant after local
unitary transformations). The algebraic sets have to be the union
of the linear subspaces if the mixed state is separable, and thus we
give a new criterion of separability. Based on our criterion, examples
are given to illustrate that entangled mixed states which are invariant
under partial transposition (thus PPT) or fulfill entropy and disor-
der criterion of separability can be constructed systematically. Thus
we reveal the point that a large part of quantum entanglement phe-
nomenon is independent of eigenvalue spectra, and develop a method
measuring this part of quantum entanglement.
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Quantum entanglement lies at the heart of quantum mechanics since the
famous Einstein, Podolsky and Rosen [1] and Schrodinger [2] papers. Its
importance lies not only in philosophical considerations of the nature of
quantum theory, but also in applications where it has emerged recently that
quantum entanglement is the key ingredient in quantum computation [3] and
communication [4] and plays an important role in cryptography [5,6].
A mixed state ρ in the bipartite quantum system H = HmA ⊗HnB is called
separable if it can be written in the form ρ = jpjjψj >< ψjj ⊗ jφj >< φjj,
where pj > 0 and jψj >, jφj > are pure states in HmA , HnB. Otherwise it is
called entangled, ie., it cannot be prepared by A and B separately. From
the point view of quantum entanglement, two states are completely equiva-
lent if one can be transformed into the other by the means of local unitary
transformations (ie., UA ⊗UB where UA, UB are the unitary transformations
of HmA , H
n
B.). It is clear that the property being separable or entangled of
a mixed state is preseved after local unitary transformations. Thus for the
puropose to quantify entanglement, any good measure of entanglement must
be invariant under local transformations ([6,7,8]).
To nd good necessary condition of separability (separability criterion)
is the fundamental problem in the study of quantum entanglement ([9,10]).
Bell’s inequality ([9]) and entropy criterion ([10]) are well-known numeri-
cal criterion of separable states. In 1996, Peres [11] gave a striking simple
criterion which asserts that a separable mixed state ρ necessarily has pos-
itive partial transposition (PPT, ie., the partial transposition ρPT , where
< ijjρjkl >=< iljρPT jkj >, has no negative eigenvalue), which has been
proved by Horodeckis ([12]) also a sucient condition of separability in 22
and 2 3 systems. The signicance of PPT property is also reflected in the
facts that PPT mixed states satisfy Bell inequalities ([13]) and cannot be
distilled(ie., no singlet can be extracted from it by local quantum operations
and classical communications (LOCC), [14]), thus the rst several examples
of the PPT entangled mixed states ([15]) indicated that the new phenomenon
there is bound entanglement in nature ([14]). However constructing PPT en-
tangled mixed states (thus bound entanglement) is exceedingly dicult task
([16]), and the only known systematic way of such construction is the con-
text of unextendible product base (UPB) in [16]. The most recent disorder
criterion of separability in [17], which is stronger than entropy criterion, was
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proved by the mathematics of majorization.
If we take the standard \representation" of a mixed state ρ in the bi-
partite quantum system H as ρ = rj=1pj jϕj >< ϕjj, where pj > 0 are
eigenvalues and jϕj >2 H are eigenvectors, fp1, ..., prg (spectra of ρ) and
fjϕ1 >, ..., jϕr >g are the basic physical quantities of ρ in quantum mechan-
ics. The local spectra of ρ (eigenvalues of trA(ρ) and trB(ρ)) are clearly
dependent not only on the global eigenvalue spectra fp1, ..., prg but also on
the \geometric position\ of eigenvectors fjϕ1 >, ..., jϕr >g in H = HmA ⊗HnB .
The property of ρ being separable or entangled is clearly dependent very
much on the \geometric position" of fjϕ1 >, ..., jϕr >g in HmA ⊗HnB. At one
extreme end, ρ is separable if its eigenvectors are separable pure states. The
role played by \geometric position" of eigenvectors in entropy and disorder
criterion of separability is refelcted in the role of them in the local spetra.
On the other hand , it is clear that global and local spectra of mixd states in
bipartite quantum systems are invariant under local unitary transformations,
and the invariants in the examples of [8] are more or less spectra-involved.
However we propose the following point of view in this letter: quantum
entanglement of mixed states in bipartite quantum systems has a quite large
part which is totally independent of the eigenvalue spectra of the mixed
states and only dependent on the \geometric position" of eigenvectors, even
for mixed states with the same global and local spectra there are continuous
many of them which are NOT equivalent under local unitary transformations
(thus continuous many \distinct" entanglement with the same global and lo-
cal spectra, Theorem 5 below). This point has been partially manifested in
Horodecki’s range criterion [15,10], UPB context in [16] and Examples in [17].
We introduce algebraic sets (ie., zero locus of several homogeneous multi-
variable polynomials see [18]) in CPm−1 (resp. CP n−1) for the mixed states in
HmA ⊗HnB, which are independent of the global spectra of the mixed states and
only measure the \geometric position" of eigenvectors in HmA ⊗HnB . These
algebraic sets are invariants of the mixed states under local unitary trans-
formations, and thus many numerical algebraic-geometric invariants (such
as dimensions, number of irreducible components) and Hermitian dieren-
tial geometric invariants (with the Fubini-Study metric of CPm−1, CP n−1,
such as volumes, curvatures) of these algebraic sets are automatically invari-
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ant under local unitary transformations. In this way many candidates for
good entanglement measure or potentially entanglement monotone indepen-
dent of global spetra of mixed states are oerd. Another important aspect
is that these algebraic sets can be easily calculated. As an easiest exam-
ple, Schmidt rank of pure states in bipartite quantum systems, a classical
concept in quantum entanglement, is actually the codimention of the alge-
braic set( corresponding to the pure states) in CPm−1 (Example 1 below).
In [19], Schmidt number of mixed states was introduced as the minimum
Schmidt rank of pure states that are needed to construct such mixed states.
From our invariants, a LOWER bound of Schmidt numbers of mixed states
is given (Theorem 4), which implies that the \generic" rank m mixed states
on HmA ⊗HmB have relatively high Schmidt numbers.
Based on these algebraic sets we prove a new separability criterion (in-
dependent of global spectra) which asserts that the algebraic sets have to be
the union of linear subspaces of CPm−1 (and CP n−1) if the mixed state is
separable. For any entangled mixed state violating our criterion, the mixed
states with the same eigenvectors and arbitrary eigenvalues are also entan-
gled, ie., our criterion always detects continuous family of entangled mixed
states. Based on this new separabilty criterion, entangled mixed states fulll-
ing entropy and disorder criterions of separability can be constructed easily,
and a continuous family of isospectral (the same global and local spectra) en-
tangled mixed states whose members are not equivalent under local unitary
transformations is constructed (Example 2). We also illustrate a systematic
way for constructing PPT (actually ρPT = ρ) entangled mixed states (thus
bound entanglement) in Example 3. The existence of many such entangled
mixed states with ρPT = ρ as illustrated in Example 3, whose entanglement
property is totally missed in Peres PPT criterion of separability and captured
by our criterion here, indicates clearly the necessity of the work developed
in this letter. It seems that present understanding of the rich structure of
quantum enatanglement is far away from being completed.
The algebraic sets used in this letter is called \determinantal varieties"
in algebraic geometry ([18] Lecture 9 and [20] Cha.II) and have been studied
by mathematicians from dierent motivations ([18,20{22]). For the algebraic
geomerty used in this letter we refer to the nice book [18].
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Let H = HmA ⊗HnB and the standard orthogonal base is fjij >g, where,
i = 1, ..., m and j = 1, ..., n, and ρ is a mixed state on H . We represent the
matrix of ρ in the base fj11 >, ...j1n >, ..., jm1 >, ..., jmn >g, and consider ρ
as a blocked matrix ρ = (ρij)1im,1jm with each block ρij a n n matrix
corresponding to the ji1 >, ..., jin > rows and the jj1 >, ..., jjn > columns.
Definition 1.We define
V kA(ρ) = f(r1, ..., rm) 2 CPm−1 : rank(i,jrirjρij)  kg
for k = 0, 1, ..., n − 1. Similarly V kB(ρ)  CP n−1 can be defined. Here *
means the conjugate of complex numbers.
Theorem 1.Let T = UA ⊗ UB, where UA and UB are unitary transfor-
mations on HmA and H
n
B rescpectively. Then V
k





Proof. Let UA = (u
A
ij)1im,1jm, and UB = (u
B
ij)1in,1jn, be the
matrix in the standard orthogonal bases. Then the matrix of T (ρ) under
the standard orthogonal base fjij >g, where 1  i  m, 1  j  n, is







V kA (T (ρ)) = f(r1, ..., rm) : rank(l,k(iriuAil)(iriuAil )UB(ρlk)(UB)τ )  kg (1)
We set r0l = iriu
A
















V kA (T (ρ)) = f(r1, ..., rm) : rank(lkr0l(r0k)(ρlk))  kg (3)
and our conclusion follows.
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Since U−1A certainly preserve the Fubini-Study metric of CP
m−1, we know
that all metric properties of VA(ρ) are preserved when the local unitary trans-
formations are applied to the mixed state ρ.
In the following statement, the term \algebraic set \ means the zero locus
of several multi-variable homogeneous polynomials.(see [18]).
Theorem 2. V kA(ρ) (resp. V
k
B(ρ)) is an algebraic set in CP
m−1 (resp.
CP n−1).
Example 1. Let ρ = jv >< vj be a pure statein HmA ⊗HnB with m  n.
From Theorem 1 about the invariance of V 0A(ρ), we can compute it from
its Schmidt decomposition (see [23]) v = di=1aiei ⊗ e0i, where e1, ..., em
(resp., e01, ..., e
0




B). It is clear that
V 0A(ρ) = f(r1, ..., rm) 2 CPm−1 : (a1r1, ..., adrd, 0, ..., 0)τ = 0g.
Proposition 1. For the pure state ρ = jv >< vj, d = m if and only if
V 0A(ρ) = ; and d = m− 1− dim(V 0A(ρ)) if d  m− 1.
In this way we show that Schmidt rank is just the codimension of the
algebraic set, and thus it seems intersting to study the quantity m − 1 −
dim(V kA(ρ)) for mixed states, since it is non-local invariant and the general-
ization of the classical concept of Schmid rank of pure states.
Theorem 3. If ρ is a separable mixed state, V kA(ρ) (resp. V
k
B(ρ)) is a lin-
ear subset of CPm−1 (resp. CP n−1),ie., it is the union of the linear subspaces.
For the purpose to prove Theorem 2 and 3 we need some preparation.
Let fj11 >, ..., j1n >, ..., jm1 >, ..., jmn >g be the standard orthogonal base
of H = HmA ⊗ HnB and ρ = tl=1pljvl >< vlj be a mixed state on H with
p1, ..., pt > 0. Suppose vl = 
m,n
i,j=1aijljij > , A = (aijl)1im,1jn,1lt is the
mn  t matrix. Then it is clear that the matrix representation of ρ with
the base fj11 >, ..., j1n >, ..., jm1 >, ..., jmn >g is AP (A)τ , where P is the
diagonal matrix with diagonal entries p1, ..., pt. As indicated [15], the image
of ρ is the linear span of vectors v1, ..., vt. We may consider the mn t ma-
trix A as a m  1 blocked matrix with each block Aw, where w = 1, ..., m,
a n  t matrix corresponding to fjw1 >, ..., jwn >g. Then it is easy to see
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ρij = AiP (A

j)
τ , where i = 1, ...m, j = 1, ..., m. Thus
rir









jρij is a (semi) positive definite n  n matrix. Its rank
equals to the rank of (riAi).
Proof. The rst conclusion is clear. The matrix rir

jρij is of rank k if













Since P is a strictly positive denite matrix,our conclusion follows imme-
diately.
Proof of Theorem 2. From Lemma 1 , we know that V kA(ρ) is the zero
locus of all (k+1)(k+1) submatrices of (riAi). The conclusion is proved.
Because the determinants of all (k+1)(k+1) submatrices of (riAi) are
homogeneous polynomials of degree k+ 1 , thus V kA (ρ)(resp. V
k
B (ρ)) is an al-
gebraic subset (called determinantal varieties in algebraic geometry [18],[20])
in CPm−1(resp. CP n−1).
The point here is: for dierent representations of ρ as ρ = jpjjvj >< vj j
with pj’s positive real numbers, the determinantal varieties from their corre-
sponding iriAi’s are the same.
Now suppose that the mixed state ρ is separable,ie, there are unit prod-
uct vectors a1 ⊗ b1, ...., as ⊗ bs such that ρ = sl=1qljal ⊗ bl >< al ⊗ blj ,
where q1, ...qs are positive real numbers. Let au = a
1
uj1 > +... + amu jm >
, bu = b
1
uj1 > +... + bnujn > for u = 1, ..., s. Hence the vector repre-
sentation of au ⊗ bu with the standard base is au ⊗ bu = ijaiubjujij >.
Consider the corresponding mn  s matrix C of a1 ⊗ b1, ..., as ⊗ bs as in
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Lemma 1, we have ρ = CQ(C)τ , where Q is diagonal matrix with di-
agonal entries q1, ..., qs. As before we consider C as m  1 blocked ma-





j)1in,1js = BTw , where B = (b
i
j)1in,1js is a n  s ma-
trix and Tw is a diagonal matrix with diagonal entries a
w
1 , ..., a
w
s . Thus from






τ )(B)τ = BTij(B)τ , where





















Here we note rir










.Thus rirjρij = BGQ(G
)τ (B)τ ,





Q is a strictly positive denite matrix, from lemma 2 we know that rir

jρij
is singular nn matrix if and only if the rank of BG is strictly smaller than
n. Note that BG is just the multiplication of s diagonal entries of G (which
is linear forms of r1, ..., rm) on the s columns of B, thus the determinants
of all (k + 1)  (k + 1) submatrices of BG (in the case s  n, otherwise
automatically linear)are the multiplications of a constant (possibly zero) and
k + 1 linear forms of r1, ..., rm. Thus the conlusion is proved.
From Lemma 1 and the proof of Theorem 2 and 3 , iriAi play a key role.
If we take the standard ρ = rj=1pj jϕj >< ϕjj, where pj , jϕj >, j = 1, ..., r
are eigenvalues and eigenvectors, the corresponding iriAi measures the \ge-
ometric position" of eigenvectors in HmA ⊗HnB. It is obvious from the proof of
Theorem 2, the non-local invariants dened in Denition 1 are independent
of p1, ..., pr , the global eigenvalue spectra of the mixed states.
Theorem 4. Let ρ be a mixed state on HmA ⊗HmB of rank r and Schmidt
number k. Suppose V m−tA (ρ) = ;, then k  mr−m+t .
Proof. Take a representation ρ = ti=1pijvi >< vij with pi’s positive,
and the maximal Schmidt rank of vi’s is k. We observe that it is only needed
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to take r linear independent vectors in fv1, ..., vtg to compute the rank of
iriAi in Lemma 1, since the columns in iriAi corresponding to the re-
maining t− r vectors are linear dependent on the columns corresponding to
these r linear independent vectors. For the purpose that the rank of these r
columns in iriAi is not bigger than m− t, we just need r −m+ t of these
columns are zero. On the other hand, from Proposition 1, the dimension of
the linear subspace (r1, ..., rm) 2 HmA , such that the corresponding column of
vi in iriAi is zero, is exactly m−k(vi) where k(vi) is the Schmidt rank of vi.
Thus we know that there is at least one nonzero (r1, ..., rm) such that iriAi
is of rank smaller than m−t+1 if m > k(r−m+t). The conclusion is proved.
The physical implication of Theorem 4 is interesting. We apply it to the
rank lt mixed states on H ltA ⊗H ltB with t  l. From the Proposition in p.67
of [20], V
(l−1)t
A (ρ) of the \generic" rank lt mixed states ρ’s has codimension
t2 > lt − 1 in CP lt−1, thus empty. We know that the Schmidt numbers of
these generic rank lt mixed states are at least l. For example, to construct
the \generic" rank 9 mixed states on H9A ⊗H9B, pure states of Schmidt rank
at least 3 have to be used.
Example 2. Let H = H3A ⊗ H3B and ρt,v,s = 13(jv1 >< v1 > +jv2 ><












3j13 > +j21 > +j32 >)
(7)
















3 − (t3 + v3 + s3)r1r2r3 = 0
in CP 2. With tvsr1 = r
0






3 − ( t
3+v3+s3
tvs
)r01r2r3 = 0. This
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universal family of elliptic curves ([24])is just V 2A(ρt,v,s).
It is easy to check that all global and local spectra (ie., eigenvalues of
ρt,v,s, trA(ρt,v,s), trB(ρt,v,s)) are the same for dierent parameters with jtj6 =
jvj6 = jsj6 xed. In this case, set t3 = heiθ1 , v = heiθ2 , s = heiθ3 , where h > 0,
a xed constant, we have a family of isospectral (both global and local)
mixed states ρθ1,θ2,θ3. The corresponding family of ellptic curves VA(ρθ1,θ2,θ3)
is dened by (r01)
3 + r32 + r
3
3 − ( e
iθ1+eiθ2+eiθ3
ei(θ1+θ2+θ3)/3




Theorem 5. fρθ1,θ2,θ3gθ1,θ2,θ3 is a family of entangled mixed state for
parameters satisfying (g(θ1, θ2, θ3))
3 6= 0,−216, 27. Moreover ρθ1,θ2,θ3 and





3)), where k(x) =
x3(x3+216)3
(−x3+27)3 is the moduli function of elliptic
curves.
Proof. The conclusion follows from Theorem 3,1 and the well-known
fact about elliptic curves that two elliptic curves are isomorphic if and only
if the moduli function values at the corresponding two parameters are the
same.(see [24])
This can be compared with the example in [17]. In [17] two mixed states
ρ and δ with the same global and local spectra are given, however ρ is en-
tangled and δ is separable. The mixed states in Theorem 5 oer stronger
evidence for the point in [17] that a complete understanding of bipartite
quantum systems cannnot be obtained by only studying the global and local
properties of their spectra.
If jtj6 = jvj6 = jsj6 = 1, the 3 eigenvalues of ρ, trA(ρ), trB(ρ) are all the
same value 1
3
. In these case, the entropy criterion of separability S(trA(ρ)), S(trB(ρ))
 S(ρ) ([10]) and the disorder criterion of separability λ(ρ)  λ(trA(ρ)), λ(trB(ρ))
in [17] are all fulled. However it is easy to see from Theorem 3 and knowledge
of elliptic curves ([24]) that for continuous (uncountably) many parameters
t, v, s with jtj6 = jvj6 = jsj6 = 1, the mixed state ρt,v,s is entangled.
Actually from Theorem 3, any rank 3 mixed state with v1, v2, v3 as its
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eigenvectors is entangled. Though this might be proved by Peres PPT cri-
terion. It is clear even in this case, our criterion just need a computation of
determinant of a 3 3 matrix and Peres PPT criterion need to compute the
nine eigenvalues of a 9 9 matrix.
Actually this example has a higher dimensional analogue of Calabi-Yau
manifolds, the entangled mixed states corresponding this family of Calabi-
Yau manifolds have the same physical phenomenon as indicated in Theorem
4 and above , this will be studied in [26].
We construct a family of rank 7 mixed states fρe1,e2g (e1, e2 are real pa-
rameters) with ρe1,e2 = ρ
PT
e1,e2
(hence PPT automatically) on H = H4A ⊗H6B.
We prove they are entangled by our Theorem 3 (thus bound entanglement)
for arbitrary e1 and \generic" e2. This family and the method used here
can be easily generalized to construct entangled mixed states with ρ = ρPT
systematically.




1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 2 0 0 1
0 0 0 0 2 0 0






0 1 1 −1 0 0 1
1 0 1 0 0 0 0
1 1 0 0 0 0 0
−1 0 0 0 1 1 0
0 0 0 1 0 1 0







e1 + e2 0 0 0 0 0 0
0 e1 e2 0 0 0 0
0 e2 e1 0 0 0 0
0 0 0 e1 + e2 0 0 0
0 0 0 0 e1 e2 0
0 0 0 0 e2 e1 0


,where e1, e2 are real numbers, and A4 = (I6, 0), where I6 is 66 unit matrix.
Let A be a 24 7 matrix with 4 blocks A1, A2, A3, A4 where the 24 rows
correspond to the standard base fjij >g,i = 1, ..., 4, j = 1, ..., 6. Let ρe1,e2
be (1/D)(A(A)τ ) (where D is a normalizing constant), a mixed state on H .






τ , hence ρe1,e2 is invariant under
partial transposition.




u1 r2 r2 −r2 0 0 r2
r2 u
0
1 r2 + e2r3 0 0 0 0
r2 r2 + e2r3 u
0
1 0 0 0 0
−r2 0 0 u2 r2 r2 r1
0 0 0 r2 u
0
2 r2 + e2r3 0






,where u1 = r4 + r1 + (e1 + e2)r3, u
0
1 = r4 + e1r3 + r1 and u2 = r4 + (e1 +
e2)r3 + 2r1, u
0
2 = r4 + 2r1 + e1r3.
We consider the following matrix F 0 which is obtained by adding the 7-th





v1 r2 r2 0 0 0 r2
r2 u
0
1 r2 + e2r3 0 0 0 0
r2 r2 + e2r3 u
0
1 0 0 0 0
0 0 0 v2 r2 r2 r1
0 0 0 r2 u
0
2 r2 + e2r3 0






,where v1 = r4 + r1 + (e1 + e2)r3 +
r22
r1
, v2 = r4 + (e1 + e2)r3 + 3r1.
It is clear that the determinantal varieties dened by F and F 0 are the









. From Theorem 3 and its proof, we know that the deter-
minantal variety dened by F 0 in the above ane chart (ie.V 5A(ρe1,e2) \ C3)
has to be the union of some linear subset (ie., ane planes or lines in C3
which may not pass the origin point) if ρe1,e2 is separable. We want to prove
that this is impossible for arbitrary e1 and \generic \ e2.
It is easy to check that any irreducible component(see [18]) of the al-
gbraic set V 5A(ρe1,e2) \ C3 cannot be dimension 2 (actually it is of dimension
1 by a proposition in p.67 of [20]). We oberseve the 1st 6 submatrix is a
blocked diagonal matrix with 2 3  3 blocks. Let their determinants be






4). It is easy to
see F 0 has rank less than 6 when f1 = f2 = 0. Thus the algebraic set
V 0 = f(r02, r03, r04) : f1 = f2 = 0g is the sum of some irreducible components
of V 5A(ρe1,e2)\C3. We just need to prove one of these components is not linear.
We have f2 = (r
0























3 − 3r02 − 4e2r03 + 1. The last polynomial g(r02, r03) is irreducible
polynomial of r02, r
0
3 for many choises of parameter e2. Actually it is easy to
check that the polynomial is irreducible when e2 = 1 and thus from algebraic
geometry it is irreducible for generic e2. Numerically it is easy to have a
computer program to search such e2. Hence we know that one component
V 01 = f(r02, r03, r04) : r04 = r02 + r03, g(r02, r03) = 0g of V 0 is not linear, thus ρe1,e2
is entangled mixed states with ρPTe1,e2 = ρe1,e2 for arbitrary parameter e1 and
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\generic" e2.
It is clear that the similar method can work on H4A ⊗H2mB and actually
we oer a systematic method to construct mixed states with ρ = ρPT from
our criterion Theorem 3.
In conclusion, we have constructed non-local invariants for mixed states in
bipartite quantum systems only measuring the \position" of their eigenvec-
tors via algebraic-geometry of determinantal varieties, and give a \eigenvalue-
free" separability criterion which can always detect continuous family of en-
tangled mixed states. At one end this oer a interesting lower bound of
Schmidt numbers of mixed states, and at the other end mixed states which
are invariant under partial transposition can be constructed systematically
from our criterion. The work here strongly indicates that quantum entangle-
ment has a large \eigenvalue-free" part which depends only on the \position"
of eigenvectors.
The author acknowledges the support from NNSF China, Information
Science Division, grant 69972049.
e-mail: dcschenh@nus.edu.sg
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